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Abstract
LetG be a graph and for any natural number r, ′s (G, r) denotes the minimum number of colors required for a proper edge coloring
of G in which no two vertices with distance at most r are incident to edges colored with the same set of colors. In [Z. Zhang, L. Liu,
J. Wang, Adjacent strong edge coloring of graphs, Appl. Math. Lett. 15 (2002) 623–626] it has been proved that for any tree T with
at least three vertices, ′s (T , 1)(T ) + 1. Here we generalize this result and show that ′s (T , 2)(T ) + 1. Moreover, we show
that if for any two vertices u and v with maximum degree d(u, v)3, then ′s (T , 2) = (T ). Also for any tree T with (T )3 we
prove that ′s (T , 3)2(T ) − 1. Finally, it is shown that for any graph G with no isolated edges, ′s (G, 1)3(G).
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
All graphs considered in this paper are ﬁnite and have no loops or multiple edges. By V (G) and E(G) we denote
the vertex set and edge set of G, respectively. A proper edge coloring of a graph G is a map c : E(G) −→ C, where
C is a set of colors such that no two edges with the same colors are incident with the same vertex. For any u ∈ V (G),
we set C(u) = {c(uv)|uv ∈ E(G)}. For any v ∈ V (G), we denote the degree v by d(v) and maximum degree of G
by (G). Also for any u, v ∈ V (G), d(u, v) denotes the distance between u and v and N(v) denotes the set of all
vertices adjacent to vertex v. A proper edge coloring of a graph G is called an r-strong edge coloring if for any two
distinct vertices u, v ∈ V (G) with d(u, v)r , we have C(u) = C(v). The r-strong edge coloring number ′s(G, r) is
the minimum number of colors required for an r-strong edge coloring of the graph G. Clearly for any natural number r,
′s(G, r)′s(G, r + 1). The concept of 1-strong edge coloring of a graph G was introduced in [9]. It was conjectured
that for any graph G with at least six vertices, and no isolated edges ′s(G, 1)(G) + 2. In [9] it is shown that this
conjecture is true for complete graphs and complete bipartite graphs. It has been shown that for any tree T with at least
three vertices, ′s(T , 1)(T ) + 1. In this article we generalize this result and prove that ′s(T , 2)(T ) + 1.
In [1], it has been proved that if G is k-chromatic without isolated edges, then ′s(G, 1)(G) + O(log k). As a
corollary one would have ′s(G, 1)(G)+O(log((G)+1))2(G). Here with an elementary proof we show that
for any graph G with no isolated edges, ′s(G, 1)3(G).
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For any graph G with n vertices ′s(G, n) was introduced and investigated in [6]. It is also conjectured in [6],
′s(G, n)n + 1. This conjecture was proved in [2], more precisely Bazgan, Harkat-Benhamdine, Li and Woz´niak
showed that a proper edge coloring of a graph G of order n such that any two vertices are incident with different sets
of colors is possible using at most n + 1 colors. The number ′s(G, n) is called the strong edge coloring number of G
and denoted by ′s(G).
A similar concept of strong edge coloring for a graph G, which was introduced in [5], is a proper edge coloring of
G with the added restriction that no edge is adjacent to two edges of the same color. The strong chromatic index of G,
s′(G) is the least integer k such that G has a strong edge-coloring using k colors. Erdo˝s and Nešetrˇil conjectured that
the strong chromatic index of every graph of maximum degree  is at most 54
2
. This conjecture is still open. In 1989,
Faudree et al. [4] conjectured that for any bipartite graph G of maximum degree (G), s′(G)(G)2. For further
results on strong chromatic index of a graph, see [5,7]. Clearly ′s(G, 1)s′(G).
First we prove the following theorem.
Theorem 1. For any tree T with at least three vertices, ′s(T , 2)(T ) + 1.
Proof. Consider a ﬁxed vertex v ∈ V (T ). Suppose that the edges of all paths starting with v and length of k have been
2-strongly edge colored. Now by giving an algorithm we inductively 2-strongly edge color all edges of all paths with
length k + 1 starting with v. Assume that y is an arbitrary vertex such that d(v, y) = k − 1. Without loss of generality
by switching color names through out the partially colored graph we may assume that c(xy)=(T )+ 1. For a natural
number d, 1d(T ), let v1, . . . , vt be all vertices with the same degree d adjacent to y and d(v, vi) = k, for any
i, 1 i t . Suppose that ei = yvi and c(ei) = ci , for any i, 1 i t .
Nowwe construct a bipartite graphwith partsX andY, whereX={c1, . . . , ct } and Y ={A ⊂ {1, . . . ,(T )} | |A|=d}.
We denote the vertices of Y by A1, . . . , Ah, where h =
(
(T )
d
)
. We join ci to Aj if ci ∈ Aj . It is easily seen that for
any i, d(ci)=
(
(T ) − 1
d − 1
)
and for any j, 1jh, d(Aj )d. First suppose that d <(T ). By marriage theorem we
show that our bipartite graph has a matching of size t that covers all vertices of X. To prove this it is enough to show
that for any j, 1j t and any S ⊂ X, |S| = j , S is adjacent to at least j vertices of Y. If it is not true, then there is an
index l, such that,
d(Al)
j
(
(T )−1
d−1
)
j − 1 >
(
(T ) − 1
d − 1
)

(
d
d − 1
)
= d,
which is a contradiction. Therefore, by marriage theorem our bipartite graph has a matching ciA(i), where  is a
permutation on t letters. Now we color all edges incident to vi with the colors of A(i) in such a way that c(yvi) = ci .
Next suppose that d=(T ).Assume that a and b are two colors that do not appear inC(x) andC(y), respectively. There
exist at least t − 1 edges in the set {e1, . . . , et } such that none of their colors are a. Without loss of generality suppose
that these edges are {e1, . . . , et−1}. Now color all edges incident to vi , 1 i t −2, by the set {1, . . . ,(T )+1}\{ci+1}
and color the edges incident to vt−1 by the colors of the set {1, . . . ,(T )+ 1}\{c1}, also color the edges incident to vt
by the set {1, . . . ,(T )}. Since {a, b,(T ) + 1} ⊆ C(vi), for any i, 1 i t − 1, we obtain a 2-strong edge coloring
for T. 
Zhang et al. [9] prove that if T is a tree with at least three vertices such that no two vertices of maximum degree are
adjacent, then ′s(T , 1)(T ). The next theorem is a similar result for 2-strong edge coloring of trees.
Theorem 2. Let T be a tree. If for any two vertices u and v with maximum degree, d(u, v)3, then ′s(T , 2) = (T ).
Proof. Assume that T is the tree given in the Fig. 1. Consider a ﬁxed vertex v ∈ V (T ). Suppose that the edges of all
paths starting with v and length of k have been 2-strongly edge colored. Now we prove the theorem by applying the
induction on the distance from v. For any i, 1 i t , let d(vi) = d. Now consider the following three cases:
Case 1: d <(T ) − 1. Let c(yvj ) = cj , for any j, 1j t . Now we construct a bipartite graph with parts X and
Y, where X = {c1, . . . , ct } and Y = {A ⊂ {1, . . . ,(T ) − 1} | |A| = d}. We denote the vertices of Y by A1, . . . , Ah,
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where h =
(
(T ) − 1
d
)
. We join ci to Aj if ci ∈ Aj . It is easily seen that for any i, d(ci) =
(
(T ) − 2
d − 1
)
and for
any j, 1jh, d(Aj )d . Now similar to the proof of the previous theorem this bipartite graph has a matching which
covers all vertices of X and we can 2-strongly edge color the edges incident to the vertices v1, . . . , vt .
Case 2: d =(T )−1. First assume that d(y)=(T ). In this case by assumption, d(x) and d(vi), are less than (T ),
for any i, 1 i t . Assume that a ∈ {1, . . . ,(T )}\C(x) and ei = yvi , for any i, 1 i t . There exist at least t − 1
edges in the set {e1, . . . , et } such that none of their colors are a. Without loss of generality suppose that these edges are
{e1, . . . , et−1}. Set c(ei) = ci , for any i, 1 i t . Now for any i, 1 i t − 2 color all edges incident to vi by the set
{1, . . . ,(T )}\{ci+1} and color the edges incident to vt−1 by {1, . . . ,(T )}\{c1}. Also color the edges incident to vt
by the set {1, . . . ,(T )}\{c(xy)}. Now by a similar method as we saw in the proof of Theorem 1, we get the result.
If d(y)<(T )we repeat this procedure and we note that since d(y)<(T ), there is at least a color in {1, . . . ,(T )}
which is not contained in C(y). Clearly this color appears in C(vi), for any i, 1 i t .
Case 3: d = (T ) and this implies that t = 1. By assumption neither x nor y have maximum degree. Now we color
v1 with colors {1, . . . ,(T )}. 
Theorem 3. For any graph G with no isolated edges, ′s(G, 1)3(G).
Proof. If (G) = 2, then one can easily check that the assertion is true. Thus, we may assume that (G)3. By
applying induction on |V (G)|, we prove theorem. For |V (G)| = 4 clearly the theorem is true. Assume that v is a vertex
of maximum degree in G. If the graph G\{v} contains some isolated edge say e, then there is a vertex w adjacent to v
such that d(w)=2 and e=wp, where d(p)=1 or p is adjacent to v and d(p)=2. Nowwe delete the vertexw ofG and by
induction hypothesis we can 1-strongly edge color the graphG\{w} with at most 3(G) colors. Suppose that a1, . . . , ar
are all vertices of maximum degree adjacent to v. We may color the edge wv with at least 3(G) − r − ((G) − 1)
colors such that C(v) is not equal C(ai) for each i, 1 ir and obtain a 1-strong edge coloring of G\{e}. Since e is
the isolated edge in G\{w}, d(p)2. Now color the edge e by a color different from c(wv) and c(vp) (if the edge vp
exists) in order to obtain a 1-strong edge coloring for G. Thus, we may assume that G\{v} has no isolated edge. Now
let e1, . . . , e(G) be all edges incident to v in which ei = vvi , 1 i(G), for some vi ∈ N(v). For abbreviation set
= (G).
By induction hypothesis we can 1-strongly edge color all edges of G\{v} with at most 3 colors. We denote the
number of forbidden colors for ei (the colors which cannot be used for the coloring of ei) by Ri , for any i, 1 i. We
note that c(ei), for any i, 1 i should not belong to C(vi) in G\{v}, because the coloring should be proper. So at
most−1 colors are forbidden for any ei , 1 i. The worst case is whenever dG(vi)=dG(wij ) andC(vi) ⊂ C(wij )
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in G\{v}, for any i and j. Since c(ei) should not belong to C(wij )\C(vi) in G\{v}, and for any i the number of wij ’s is
at most  − 1, so we have, Ri2 − 2. Now, construct a bipartite graph with parts X and Y where X = {e1, . . . , e}
and Y = {1, 2, . . . , 3}. We join ei to all colors which are not forbidden for ei . Therefore, d(ei) = 3 − Ri and for
any y ∈ Y , d(y).Without loss of generality we may assume that R1R2 · · · R. Since Ri2− 2 we have
d(ei)+ 2. By marriage theorem there exists a matching which covers all vertices in X. Now by Theorem 5.3 of [8,
p. 38] we will give a lower bound for these sort of matchings. Since
3− R13− R2 · · · 3− R+ 2,
according to Theorem 5.3 of [8, p. 38] the number of these matchings is at least
(3− R1 − (− 1))(3− R2 − (− 2)) · · · (3− R)
= (2+ 1 − R1)(2+ 2 − R2) · · · (3− R).
On the other hand for any i, 1 i, we should have C(vi) = C(v). So ﬁrst we count the number of matchings in
which we have C(vi) = C(v). If C(vi) = C(v), then the colors of edges incident to vi except ei , appear in at most
(−1)! ways in the edge coloring of e1, . . . , ei−1, ei+1, . . . , e. Since for coloring of ei we have 3−Ri possibilities
so the number of these matchings is at most
∑
i=1
(3− Ri)(− 1)! = (− 1)!(32 − (R1 + · · · + R)).
We claim that
(2+ 1 − R1)(2+ 2 − R2) · · · (3− R)> (− 1)!(32 − (R1 + · · · + R)). (*)
First we prove that the claim is true for the case,R1=· · ·=R=2−2. Since we have (+2)!/2>(−1)!(2+2),
so in this case the assertion is proved. Now we show that if (∗) is true for R1, . . . , R, then (∗) is also true for
R1, . . . , Ri−1, Ri − 1, Ri+1, . . . , R, for any i, 1 i, and this implies that (∗) is true for any sequence h1, . . . , h
in which 0hi2− 2.
The inequality of (∗) for R1, ..., Ri−1, Ri − 1, Ri+1, . . . , R is equivalent to the following:
(2+ 1 − R1) · · · (2+ i − (Ri − 1)) · · · (3− R)
> (− 1)!(32 − (R1 + · · · + Ri−1 + Ri − 1 + Ri+1 + · · · + R)).
By expanding two sides of the above we obtain,
(2+ 1 − R1) · · · (3− R) + (2+ 1 − R1) · · · (2+ i − 1 − Ri−1)(2+ i + 1 − Ri+1) · · · (3− R)
> (− 1)!(32 − (R1 + · · · + R)) + (− 1)!.
Thus, it is enough to show that
(2+ 1 − R1) · · · (2+ i − 1 − Ri−1)(2+ i + 1 − Ri+1) · · · (3− R)> (− 1)!.
If we show the left side of the inequality by A, it is not hard to see that
A 3 × 4 × · · · × (+ 2)
+ 2 =
(+ 1)!
2
>(− 1)!.
Hence (∗) is true for R1, . . . , Ri−1, Ri − 1, Ri+1, . . . , R.
Therefore, we have at least one suitable matching and using this we can extend 1-strong edge coloring of G\{v} to
a 1-strong edge coloring for G. 
Theorem 4. For any tree T with (T )3, ′s(T , 3)2(T ) − 1.
Proof. Consider the tree given in Fig. 1. Fix vertex v ∈ V (G). Suppose that the edges of all paths starting with v and
length of k have been 3-strongly edge colored. Now by giving an algorithm we inductively color all edges of every
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path with length k + 1 starting with v. Consider a ﬁxed number d, 2d(T ) and let v1, . . . , vt (t1) be all vertices
with the same degree d adjacent to y. Also let vt+1, . . . , vt+m be all vertices with degree 1 incident to y. Suppose that
c(yvi) = ci , for any i, 1 i t + m. We divide the proof into two parts (Fig. 2).
(i) d3. Since t + m(T ) − 1, we conclude that m(T ) − 2. First assume that m = (T ) − 2. Thus t = 1.
Since C(x) = C(y) and |C(x)| |C(y)| = (T ), there is an index j, 1j(T ) − 1, such that c(yvj ) /∈C(x). We
interchange c1 by cj and we note that 3-strongly edge colorability is preserved. Thus, we may assume that c1 is a color
in which c1 /∈C(x). If we deﬁne
A = {1, . . . , 2(T ) − 1}\{c2, . . . , c(T )−1},
and
∑
is the set of all subsets of A with size d containing c1, then
∣∣∣∑∣∣∣=
(
(T )
d − 1
)
(T ).
Obviously C(x), C(y) /∈∑. Now the number of vertices adjacent to x, except y is at most (T )− 1, so there exists an
element B ∈ ∑ such that B /∈ {C(w) | d(x,w)1 }. Hence we can color all edges incident to v1.
Next assume thatm(T )−3. Let r be the number of vertices, sayw of V (T ) such that d(x,w)1 and d(w)=d. It
follows that r(T )+1.Wedenote these vertices byw1, . . . , wr . Nowwe construct a bipartite graphwith partsX andY,
whereX={c1, . . . , ct } and Y ={A ⊂ Z | |A|=d}\{C(w1), . . . , C(wr)}, whereZ={1, . . . , 2−1}\{ct+1, . . . , ct+m}.
We join a vertex ci ∈ X to a vertexAj ∈ Y , if ci ∈ Aj . Clearly for any ci , 1 i t , d(ci)
(
2(T )−m−2
d−1
)
−((T )+1).
Sincem(T ) − 3, we have d < 2(T ) − m − 2. On the other hand d3 implies that
d(ci)
(
2(T ) − m − 2
d − 1
)
− ((T ) + 1)
(
2(T ) − m − 2
2
)
− ((T ) + 1).
Since 2(T ) − m6, it is not hard to see that,
(2(T ) − m)2 − 7(2(T ) − m) + 60.
Therefore, we have
(
2(T )−m−2
2
)
− ((T ) + 1)(T ) − m − 1 t, and it follows that for any i, 1 i t , d(ci) t .
Now by marriage theorem the bipartite graph has at least a perfect matching. Now as we have seen before we can
3-strongly color all edges incident to vi’s.
(ii) d2. If d(y) = 2, the proof is clear. If d(x) = 2 and d(y) = 2, let X = {c1, . . . , ct } and
Z = {1, . . . , 2(T ) − 1}\{ct+1, . . . , ct+m}
and Y = {A ⊂ Z | |A| = 2}\{c(xv) | d(v) = 2}. Construct a bipartite graph as before. Now for any ci ∈ X we have
d(ci)2(T )−m−2− ((T )−1) t and by marriage theorem the bipartite graph has at least a perfect matching, so
we can extend the coloring. Assume that d(x)= 2, and y′ = y is the vertex adjacent to x. For any color ci , consider all
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subsets of {1, . . . , 2(T )−1}which have size 2 and contain ci . The number of these subsets which are not equal toC(x)
is at least 2(T ) − 3. First we want to color the edge v1q1. For coloring of this edge we have 2(T ) − 4 possibilities,
because C(v1) = C(y′) and inductively for coloring of the edge viqi (qi is the vertex adjacent to vi different from y),
we have at least 2(T ) − 3 − i possibilities, for any i, 1 i t , because C(vi) /∈ {C(x), C(y′), C(v1), . . . , C(vi−1)}.
Since t(T ) − 1, and (T )3, we can color all edges incident to vi , for 1 i t . 
Remark 1. For any k4 and natural number , there exists a tree T such that (T )= and ′s(T , k)(T )((T )−
1)k/2	−1. To see this consider a rooted tree in which the degree of all vertices with distance less than k/2	 of the root
is (T ) and every vertex of distance k/2	 of the root has degree 1. Indeed this graph has
1 +
k/2	−2∑
i=0
(T )((T ) − 1)i
vertices of maximum degree and (T )((T ) − 1)k/2	−1 vertices of degree 1. Since the vertices of degree 1 should
have different colors we conclude that ′s(T , k)(T )((T ) − 1)k/2	−1 and the proof is complete.
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